Abstract. The lattice of all complete congruence relations of a complete lattice is itself a complete lattice. In 1988, the second author announced the converse: every complete lattice L can be represented as the lattice of complete congruence relations of some complete lattice K. In this paper we improve this result by showing that K can be chosen to be a complete modular lattice.
Introduction.
In this paper, we prove the following result:
Theorem. Every complete lattice L is isomorphic to the lattice of complete congruence relations of a suitable complete modular lattice K.
For the history of earlier results, see the references G. Grätzer [3] and G. Grätzer and H. Lakser [4] .
The basic idea is to replace the construction of G. Grätzer and H. Lakser [4] shown in Figure 1 , with the construction illustrated by Figure 2 . In both lattices, let Θ a , Θ b , and Θ c denote the complete congruence relation generated by collapsing the covering pairs marked by a, b, and c, respectively. Then Θ a ∨ Θ b = Θ c holds in the lattice of complete congruence relations-note that it does not hold in the lattice of congruence relations. While both lattices are complete, only the lattice of Figure 2 is modular. We shall be dealing with nonempty subsets X ⊆ L − { 0 }. Let us write
where 1 ≤ ζ X ≤ ζ = |L − { 0 }| (cardinals are regarded as initial ordinals). Let { X δ | δ < χ } denote the family of all such sets; the elements of X δ are well-ordered:
Since |L| ≥ 2, it follows that there is at least one such X, that is, 0 < χ. M 3 denotes the five-element modular nondistributive lattice; 1 and 2 denote the one-element and two-element chains, respectively.
Let α be an ordinal, and for γ < α, let A γ be a lattice. We denote by
the ordinal sum of the A γ for γ < α; for two components, A and B, A + B denotes the ordinal sum of A and B (we place B on top of A). For ordinals α, β, the ordinal product α × β is the set [8] , a coloring of a chain C is a map
where L is a complete lattice. If p ∈ Ip C and pϕ = a, one should think of Θ
If ϕ is a coloring of a well-ordered chain C, it will be convenient to define the color of an element x ∈ C, x < 1-denoted by xϕ-as [x, x * ]ϕ. For a complete lattice A and a complete congruence Θ on A, we define the prime interior of Θ, denoted by pi Θ, as follows:
In words, the prime interior of a complete congruence Θ is the smallest complete congruence collapsing all prime intervals collapsed by Θ. Let A be a complete lattice which is strongly atomic, that is, for any w, z ∈ A, w < z, there is an element p ∈ A satisfying w ≺ p ≤ z. In G. Grätzer and H. Lakser [4] , the following observation was made: We refer the reader to Crawley and Dilworth [1] and G. Grätzer [2] for the standard notation in lattice theory.
The next lemma gives a simple characterization of complete congruences on a complete lattice. Recall that a lattice homomorphism from K to K is said to be a bounded homomorphism if the set of inverse images of each element of K has a least and greatest element, see R. McKenzie [7] . Lemma 2. Let Θ be a congruence on a complete lattice K. Then the following are equivalent.
( Proof. Since K is a complete lattice and blocks of any congruence are always convex sublattices, it is easy to see that (2)- (5) are equivalent. It is also easy to see that (1) implies (2) . Now assume (2) and suppose that
The chains X
† and C. The lattice K of the Theorem is defined using three chains, C, D, and E. In this section, we define the chains X † , and build C up from the chains Figure 3 -as follows:
The zero of X † is 0 X and the unit element is 1 X ; the other elements of X † are
where
Figure 3
The chain X † is well-ordered, and 1 X is a limit ordinal. The following observation is crucial: in X † , for every j X ≤ u < 1 X and for every γ < ζ X , there is a prime interval p in [u, 1 X ] such that pϕ = x γ . Next, we define the well-ordered chain C and the coloring ϕ C . For every X δ , δ < χ, we construct the chain (X δ ) † , and we form the ordinal sum:
see Figure 4 . The zero and unit element of C is denoted by 0 C and 1 C , respectively. Observe that if χ is not limit, that is,
Two more chains. In this section, we define the colored chains D and E.
Let the chain D be (χ × ω) + 1, with zero 0 D and unit 1 D -see Figure 5 . We color D as follows:
where X δ is formed in the complete lattice L. We shall use the notation 
The augmented gridK.
It is convenient to construct a latticeK first; the lattice K will be a sublattice of K.
The direct product C × D × E we shall call the "grid;" its elements are the "grid elements." The prime intervals of C × D × E are colored in the obvious way. For example, if p is a prime interval of C of color a, then the prime interval
We use the notation o = 0
To constructK, we augment the grid with two types of elements. 
In a monochromatic prime cube over p we have already placed six new elements:
m(p, C), m(p, D), m(p, E), m(p C , C), m(p D , D), m(p E , E).
Finally, we add two more elements to this interval: a(p) and b(p) as shown in Figure 7 , so that the eight elements of the prime cube, the six elements we have added before, and the two new elements form a lattice isomorphic to the subspace lattice of a Fano plane, i.e., the lattice of subspaces of a 3 dimensional vector space over GF (2) . We denote byK the grid C × D × E augmented by all these elements.
Lemma 3.K is a complete modular lattice.
There are three easy ways to prove this. Firstly,K can be embedded in the subspace lattice of a vector space of high enough dimension over GF (2) ; since the subspace lattice is complete and modular and the embedding is complete, the lemma follows. Secondly, we can start from 2 3 , M 3 × 2, and the subspace lattice of the Fano plane, and build upK by Dilworth gluing, the formation of ideal lattices, and direct limits; the lemma again follows. Thirdly, one can describe directly the joinand meet-tables ofK. We leave the details to the reader. 
6. The lattice K. Now we are ready to define the lattice K. We define it piecewise. Let δ < χ. We define the lattice M δ (see Figure 8 for a schematic representation) as the convex sublattice ofK generated by
Observe that
is the lattice of Figure 2 in the special case X δ = { a, b } and c = a ∨ b. The above set is a sublattice of the grid, and M δ consists of these elements and the additional elements we defined in §5 for these elements. Finally, we define the lattice K in the Theorem as a sublattice ofK: K is a sublattice ofK, hence it is a modular lattice. K is a closure system in K, hence it is a complete lattice. Observe that K is not a complete sublattice of K. Indeed, let a be the complete join of a subset S of K inK. If a ∈ K, then it is the complete join of S in K. Otherwise, a must be of the form x, y, z , where
7. The congruence Θ a . As the final step in preparing for the proof of the Theorem, for every a ∈ L, we define a complete congruence relation Θ a of K. If a = 0, then Θ a = ω, the trivial congruence. If a = 1, then Θ a = ι, the full congruence. Let a = 0 and a = 1. We define Θ C a as the smallest complete congruence relation of C that collapses all prime intervals of C of color ≤ a. Similarly, we define Θ
We can regard Θ a as a relation onK; by making the classes convex, we get a complete congruence relationΘ a onK.
Θ a is easy to visualize: if p = c, d, e is a grid element with a monochromatic prime square with respect to the axis E over p, as in Figure 6, and cϕ C = dϕ D ≤ a,  then the grid elements c, d, e , m(p, E) . Moreover, if there is a monochromatic prime cube over p, and cϕ C = dϕ D d = eϕ E ≤ a, then the eigth elements of the cube are in one class under Θ a ; so underΘ a this class also contains the elements: E), a(p) and b(p) . This completely desribes the relationΘ a .
We define Θ a of K as the restriction ofΘ a fromK to K.
Lemma 5. Θ a is a complete congruence relation of K.
This is clear if a = 0 or 1, so we assume that a = 0, 1. It is obvious that Θ a is a congruence relation of K. By Lemma 2, in order to prove that it is a complete congruence relation, it is sufficient to prove all congruence classes of Θ a are intervals.
To see this, take a congruence class U of Θ a . Then U is the restriction to K of the convex sublattice ofK generated by 
it follows that we added the elements m(p, E), 
completing the proof. Notice that, since M 3 and the subspace lattice of the Fano plane are both simple lattices, all congruences classes of Θ a are bounded by grid elements.
Proof of Theorem.
We show that the correspondence
is an isomorphism between L and Con c K, proving the Theorem.
Lemma 6. ψ is one-to-one and isotone.
It is trivial that ψ is isotone. Let b a in L. Take an e ∈ E with eϕ E = b.
We first show that the complete congruence generated by a prime interval of K is of the form Θ a .
Obviously, every prime interval is projective to one in which two coordinates agree; such a prime interval is of the form 
From this it easily follows that any two prime quotients of the same color are projective.
Let Θ be the complete congruence on K generated by a prime interval. By the above, we may assume that this interval lies in C × D × E. Let a be its color. Since all prime intervals of color a are projective, they are all collapsed by Θ. Suppose that b ≤ a. We need to show that Θ collapses every prime interval of color b. Let X δ = { a, b }. Then the sublattice of M δ with E coordinate 0, is diagrammed in Figure 2 . The labeling given there is correct except that c = a ∨ b = a. Since Θ collapses all intervals of color a, it collapses the one labeled with c and thus all of the M 3 's are collapsed. Since Θ is a complete congruence, this implies that the least and greatest elements of Figure 2 are collapsed. In particular, the intervals labeled b are collapsed. Since all prime intervals with color b are projective to one another, all of them are collapsed by Θ.
From these arguments it follows that Θ a ≤ Θ. The reverse inclusion follows from the fact that Θ a is a complete congruence (Lemma 5) containing the generating interval of Θ.
For the final step of the proof, we prove the formula
is obvious, because ψ is isotone. To prove the reverse inclusion, choose X δ = A. By the preceding discussion, we can regard Θ A as the complete congruence generated by the prime interval 
